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We study transport properties of hexagonal zigzag graphene quantum rings connected to semi-
infinite nanoribbons. Open two-fold symmetric structures support localized states that can be traced
back to those existing in the isolated six-fold symmetric rings. Using a tight-binding Hamiltonian
within the Green’s function formalism, we show that an external magnetic field promotes these
localized states to Fano resonances with robust signatures in transport. Local density of states
and current distributions of the resonant states are calculated as a function of the magnetic flux
intensity. For structures on corrugated substrates we analyze the effect of strain by including an out-
of-plane centro-symmetric deformation in the model. We show that small strains shift the resonance
positions without further modifications, while high strains introduce new ones.
PACS numbers: 73.22.Pr, 61.48.Gh, 73.23.-b, 85.35.Ds
I. INTRODUCTION
The unique electronic properties of graphene[1] have
guided research combining confinement and interference
effects on annular systems[2]. Closed ring geometries for
example, have been extensively studied, rendering predic-
tions of energy spectra for different choices of boundary
conditions [3–7] and including the role of strain[8]. When
a magnetic flux is applied in these Aharonov-Bohm ge-
ometries, persistent currents with lifted-valley degener-
acy appear[3, 9]. Models with different ring geometries
reveal peculiar transport properties: rectangular shapes
exhibit resonant tunneling phenomena[10], while hexago-
nal ones [11] allow for current blocking mechanisms with
the leads acting as valley filters. Samples with some of
these characteristics have already been synthezised[12–
17], with some fabrication techniques able to produce
rings with perfect hexagonal symmetry by exploiting ap-
propriate lattice orientations[18, 19]. Transport measure-
ments in these open rings show peculiar conductance os-
cillations in the presence of magnetic fields[16]. These
new devices present the opportunity to test theoretical
predictions and reveal new transport phenomena that
may be used to develop new technological applications.
Ring geometries are particularly useful to investigate
interference effects that may appear with precise finger-
prints, such as those produced by Fano resonances[20–
22]. Fano physics is a rich phenomena produced by the
coexistence of resonant (localized) and nonresonant paths
for scattering waves[23]. The transmission function ex-
hibits an asymmetric line shape which depends on the
coupling between resonant and extended states. In par-
ticular, Fano resonances have been reported in semicon-
ducting ring shaped structures under the presence of an
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external magnetic field [24]. The resonances arise as con-
sequence of the broken time-reversal symmetry of local-
ized states and their interference with extended states
through the semiconducting ring. Fano resonances were
also observed in similar semiconducting rings as a conse-
quence of broken parity of localized states due to spin-
orbit interaction[25]. In semiconductors, emergent bound
states are produced by disorder that could create states
in the gap (no observed Fano effect). It is important
to mention that clean semiconductor samples will not
present Fano resonances unless some symmetry is bro-
ken in the system. In graphene systems, various in-
teresting proposals for observing Fano resonances have
been advanced[26–29], with some ring geometries exploit-
ing a broken upper-lower arm symmetry to produce the
effect[27]. Transmission calculations in different hexag-
onal configurations were explored and the conductance
bands of zigzag rings were found to be considerably nar-
rower than in the case of armchair edges, being less robust
under perturbations[27].
In this paper, we carry out a study of transport prop-
erties of a graphene quantum ring connected to semi-
infinite zigzag nanoribbons that exhibits signatures of
Fano interference under external magnetic flux. The iso-
lated structure possesses a hexagonal (six-fold) symmetry
with zigzag inner and outer edges. Connecting the ring
to leads renders a two-fold symmetric setup that retains
localized states as shown in density of states (DOS) calcu-
lations (see below). We show that an external magnetic
field that fully pierces the ring region produces signatures
of Fano resonances in the DOS and strongly modifies the
ring conductance in a wide range of energies. These res-
onances are a result of the pre-existing localized states
that couple to the continuum by the external flux. The
addition of an out-of plane centro-symmetric deforma-
tion in the ring region, described by an effective pseudo-
magnetic field[30], modifies the transmission properties of
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2the structure. The resulting Fano resonance energies are
shifted from their original values for small strains while
new resonances appear at energies precisely determined
by the curvature of the deformation.
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FIG. 1. (Color online) (a) Schematic view of the hexagonal
ring connected to semi-infinite zigzag nanoribbons (Nz = 6
and Ny = 8). The coordinate system is shown in the lower
left part and the mean external radius (r ∼ 17a) of the ring is
represented by the black dashed line. The structure shown
contains 680 atoms in the central ring. (b) Conductance
(black) and DOS (green) of the coupled system as a function
of the Fermi energy for Φ = 0. The conductance for a perfect
zigzag nanoribbon (Ny = 8) is also plotted for comparison
(red). Because of particle-hole symmetry, data is shown only
for positive energies.
II. RING COUPLED TO LEADS
A schematic representation of the model is shown in
figure 1(a). The geometry of the ring is important as long
as it respects the underlying crystalline symmetry of the
2D graphene lattice and it was chosen to avoind change of
edge orientations at the corners of the ring[27]. The ring
and leads are defined by the number of zigzag chains, Nz
and Ny, respectively. We use a standard, single pi-band
nearest-neighbor tight-binding approximation to describe
the central structure, with a Hamiltonian given by:
HC =
∑
<i,j>
tijc
†
i cj +
∑
<i,jL(R)>
t0c
†
i cjL(R) + h.c. , (1)
where the fermion operator c†i (ci) creates (annihilates) an
electron in the i-th site and t0 = −2.7eV is the hopping
parameter[31]. The first term in equation (1) represents
the dynamics in the disconnected ring, with indices i and
j running over all ring sites. The second term connects
the ring to the leads, with jL and jR denoting sites on
the left and right leads, respectively.
An external magnetic fieldB = Bzˆ, permeating the en-
tire ring, is included via the Peierls substitution. As a re-
sult the hopping parameter acquires a complex phase[31],
as follows: tij = t0e
i∆φij , with ∆φij = 2pi(e/h)
∫ ri
rj
A ·dr
and ri and rj being the nearest neighbors positions.
We choose the Landau gauge A=(0, Bx, 0), and mea-
sure the phase in units of the magnetic flux threading a
single hexagonal plaquete, Φ/Φ0 = 3a
2
√
3eB/2h, with
a = 1.42A˚ being the interatomic distance.
The DOS and Landauer conductance are calculated
with the Green’s function formalism [32, 33]. Reser-
voirs are represented by the self-energy ΣL(R), obtained
from each lead Green’s function calculated with real-
space renormalization techniques[34, 35].
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FIG. 2. (Color online) Contour plot of the total DOS as
a function of magnetic flux and Fermi energy. Color code
represents DOS intensity.
Results for a typical system in the absence of mag-
netic field are displayed in figure 1(b), where the energy
dependence of the DOS (green line) and the conductance
(black line) are shown. The conductance for a zigzag
nanoribbon of the same width as the leads is also drawn
for comparison (red line). As expected, the low energy
transport is caused by one-channel transmission. The
figure shows some of the sharpest DOS peaks coinciding
with minima in the conductance, thus not contributing
to transport. This effect is also present at higher ener-
gies (see the second and third conductance plateaus for
example).
We focus next in the energy range within the first con-
ductance plateau to analyze the nature of these sharp
peaks in detail. Results for the calculation of the total
DOS as a function of the Fermi energy and the exter-
nal magnetic flux are shown in figure 2. The DOS is
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FIG. 3. (Color online) DOS (green solid line) and conductance
(black dashed line) for: (a) Φ = 0 and (b) Φ/Φ0 = 10
−3. (c)
Conductance comparison with and without external flux.
split into bands that exhibit an oscillatory dependence
on the external flux, and evolve towards fully developed
Landau levels in the high-field regime[3, 6, 7]. Previous
results[5] have shown a similar dependence of the energy
levels of the isolated ring, with this behavior being deter-
mined by the average radius. In contrast to the energy
spectrum of an isolated hexagonal ring that exhibits six
energy levels in each sub-band[5], the open structure con-
tains sub-bands with two levels only. These levels display
different broadening, indicating different coupling to the
leads. Figure 2 shows that the reduced symmetry struc-
ture (from six-fold to two-fold) rendered by the connec-
tion to the leads, retains nevertheless those states that
are compatible with both symmetries. Thus it follows
that some of the states in the closed structure are not
fundamentally altered by the symmetry reduction and
persist in the open geometry.
III. FANO RESONANCES
Figure 3 shows results for conductance (dash black
line) and DOS (full green line) with and without the
external magnetic field. The open ring structure is in-
sulating at zero energy as shown by the null conductance
in the absence and presence of flux. Panel a) corresponds
to zero field and show the features observed in figure 1
with greater detail. It is natural to associate the sharp
peaks that coincide with minima in the conductance to
localized states present in the open system.
Figure 3(b) shows results for a magnetic flux Φ/Φ0 =
10−3. Note that the sharp peaks in the DOS of panel a)
are broadened. The conductance develops an asymmet-
ric peak-minima structure, with a zero value at the en-
ergies corresponding to the originally sharp peaks. This
asymmetric line shape is the characteristic fingerprint of
a Fano resonance[23]. Figure 3(c) shows the conductance
with and without magnetic flux. In the presence of ex-
ternal flux there is a doubling of conductance peaks, a
finding consistent with the existence of a newly formed
Fano resonance. A numerical fit of the conductance curve
is obtained with the renormalized Fano expression:
G() = 1
1 + q2
(+ q)2
1 + 
, (2)
being valid only if ||  1, where  = (E − E0)/Γ is
a reduced energy, Γ is the resonance width, and E0 is
the resonance energy. The Fano fitting parameter q, a
measure of the coupling between localized and extended
states, acquires a periodic dependence on the external
flux as shown in figure 4. These results apply for all val-
ues of magnetic flux shown in figure 2) except in the re-
gion where sub-band states mix. In these ranges a convo-
lution of Fano and Breit-Wigner (symmetric-broadened
peak) expressions is used to determine the asymmetry
degrees of the resonances[36].
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FIG. 4. (Color online) (a) Fano parameter q and (b) Γ of
function G() (equation (2)) as a function of the magnetic
flux. Dots (red) are fits for conductance values at the lowest
energy resonance. Full line curve (blue) is a sinusoidal fitting
of the data.
To provide further confirmation that a Fano resonance
is involved, we show results for current density patterns
at energies corresponding to peaks and minima of the
conductance [35]. Our numerical calculations show that
in the absence of magnetic field the current density splits
equally over the two arms of the ring, for all energies stud-
ied. For a finite magnetic flux, in contrast, the current
flows mostly through the upper or lower part of the ring,
4a consequence of the preferred circulation introduced
by the field (not shown). Interestingly, the magnetic
field generates two different current patterns for resonant
(E = 0.0192t0) and antiresonant states (E = 0.0214t0)
as shown in figure 5. Panel a) shows the LDOS for the
resonant energy that extends over the whole ring, making
possible perfect conductance. Panel b) shows the corre-
sponding current that effectively exists in both arms with
a unique sense of circulation. In contrast, at the antireso-
nant energy (see figure 5(c)), there is an enhanced LDOS
at the central part of upper and lower arms of the ring,
consistent with the two-fold symmetry of the open struc-
ture. The current flow between the two terminals is com-
pletely suppressed as shown in figure 5(d). Remarkably,
there is a local charge circulation pattern at the central
arms of the ring, that appears at a much smaller scale.
0
0,1
0,2
0,3
0,4
0,5
E = 0.0192t0
 / 0 = 10
 3
0
0,05
0,1
0,15
0,2
E = 0.0214t0
(a)
(c)
(b)
(d)
 / 0 = 10
 3
1
0
5
10
15
20
25
30
35
0 5 10 15 20 25
’HRLcurcomleadscomcampo1p2.dat’ u 1:2:3:4:5
0
0.1
0.2
0.3
0.4
0.5
 0
 5
 0
 5
 0
 5
 30
 35
 0  5  0  1  20  25
eadscomcampo1p2.dat’ u 1:2:3:4:5
 0
 0.
 0.
 0.
 0.4
 0.5
1
0
5
10
15
20
25
30
35
0 5 10 15 20 25
’HRLcurcomleadscomcampo1p2.dat’ u 1:2:3:4:5
0
0.1
0.2
0.3
0.4
0.5
 
 
 
 
 
 
 30
 35
 0  5   1  20  25
eadscomcampo1p2.dat’ u 1:2:3:4:5
 0
 0.02
 0.04
 0.06
 0.08
 0.1
0
0,1
0,2
0,3
0,4
0,5
 0
 5
 10
 15
 20
 25
 30
 35
 0  5  10  15  20  25
eadscomcampo1p2.dat’ u 1:2:3:4:5
 0
 0.1
 0.2
 0.3
 0.4
 0.5
0
0,1
0,2
0,3
0,4
0,5
 0
 5
 10
 15
 20
 25
 30
 35
 0  5  10  15  20  25
eadscomcampo1p2.dat’ u 1:2:3:4:5
 0
 0.05
 0.1
 0.15
 0.2
FIG. 5. (Color online) LDOS (left) and current density (right)
mapping of the open ring for resonant (E = 0.0192t0) and
antiresonant states (E = 0.0214t0). Here Φ/Φ0 = 10
−3. (a)
and (b) correspond to the conductance peak, while (c) and
(d) refer to the conductance minima. Notice different scales
optimized for each case.
The existence of finite LDOS at the value of the
conductance minima confirms the existence of extended
states inside the structure together with localized states
at the upper and lower arms. These results provide addi-
tional evidence that the asymmetric conductance minima
is produced by interference between extended and Fano
resonant states.
IV. STRAINED RING
The model analyzed in previous sections describe sus-
pended hexagonal graphene ring structures. However,
structures available in current settings are commonly de-
posited on substrates that introduce additional effects.
In particular, smoothly corrugated substrates cause local
out of plane deformations that produce strain in the sys-
tem. To model it we consider a centro-symmetric Gaus-
sian bump described by:
h (ri) = Ae
−(ri−r0)2/b2 , (3)
where ri represents an atomic site inside the ring with co-
ordinates ri = (xi, yi). The Gaussian center r0 = (x0, y0)
coincides with the geometric ring center (figure 1(a)).
The deformation is included in equation (1) as a modifica-
tion in the hopping amplitude in the central structure[37]:
t′ij = tije
−β(l′ij/a−1) , (4)
where the new atomic distances l′ij are calculated using
elasticity theory up to linear order on strain [38–40] and
β = |∂ log t0/∂ log a| ≈ 3. The new first-neighbor vectors
are given by ~δ′ij = ~δij .(I + ), with I being the iden-
tity matrix and γ,λ =
1
2∂γh∂λh the strain tensor[41].
We use the repeated greek index summation convention
and γ and λ represent directions on the 2D plane. The
strain parameter α = (A/b)2 is defined in terms of the
amplitude (A) and FWHM (b) of the bump. Notice that
strain fields introduce an effective pseudo-magnetic field
that competes with the externally applied one.
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FIG. 6. (Color online) Strain effects on (a) DOS (Φ = 0)
and (b) conductance (Φ/Φ0 = 10
−3), for different values of
Gaussian deformation amplitude, and fixed FWHM b = 14a.
In figure 6(a) the DOS in the absence of external mag-
netic flux is shown for a strained graphene ring with vary-
ing Gaussian amplitude and fixed FWHM (b = 14a). The
main effect of the deformation is to shift the position of
various narrow peaks towards higher energy values. As
an external flux is added, the strain promotes the Fano
resonances to higher energies too, as shown in figure 6(b).
These results highlight the persistence of localized states
in the open ring structure and the robust effects of Fano
resonances in the transmission in the presence of strain
fields. For higher strain values (α > 25%) other Fano res-
onances appear at low energies, even in the absence of an
5external magnetic flux. These are caused by new local-
ized states produced by the strain fields at the location
of maximum curvature of the deformation[40].
V. CONCLUSIONS
We have studied a model for an hexagonal zigzag ring
coupled to external contacts and showed that the struc-
ture contains localized states. These are remnants of the
discrete states of the isolated ring that exist on the open
structure due to the combination of the 2-fold and inver-
sion symmetries of the graphene lattice[42]. While these
states do not contribute to the conductance, they can be
detected by the application of an external magnetic flux
that mixes them with the continuum background, gen-
erating Fano resonances. The Fano parameter q charac-
terizing the asymmetric interference peak in the conduc-
tance shows a periodic dependence on the applied flux.
Contrarily to the Fano resonances previously addressed
[27], that were provided by localized states induced by
random edge disorder and spread exactly along the edge
defects, the Fano resonance in our work are achieved in
clean graphene rings, with no disorder. Interestingly, the
kink formed at the corners of the hexagon acts as a defect-
like, localizing states that are originally extended along
the edges. The confinement of these states appears along
the sides of the ring geometry and not at the position of
the kinks.
For ring structures deposited on corrugated substrates
we analyzed the effect of strain on transport proper-
ties. We found that out-of plane deformations produce
an overall shift in the energy of the resonances without
affecting them otherwise. These results suggest that two
terminal transport measurements in the presence of an
external flux could be used to characterize small strain
patterns in samples by analyzing shifts in conductance
minima. In the limit of large strains, the dependence of
the conductance minima with the curvature of the defor-
mation suggests that transport could provide an alterna-
tive way to characterize strain profiles on samples.
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